By using the critical point theory, some existence criteria are established which guarantee that the difference p-Laplacian systems of the form
Introduction
Consider homoclinic solutions of the following p-Laplacian system:
where  < p < (q + )/, q > , n ∈ Z, u ∈ R N , a : Z → (, +∞), and W : Z × R N → R are not periodic in n. is the forward difference operator defined by u(n) = u(n + ) -u(n),  u(n) = ( u(n)). As usual, we say that a solution u of (.) is homoclinic (to ) if u(n) →  as n → ±∞. In addition, if u(n) ≡ , then u(n) is called a nontrivial homoclinic solution. We may think of (.) being a discrete analogue of the following differential system:
) -a(t) u(t) q-p u(t) + ∇W t, u(t) = , t ∈ R. (  .  )
When p = , (.) can be regarded as a discrete analogue of the following second-order Hamiltonian system:
u(t) -a(t) u(t) q- u(t) + ∇W t, u(t) = , t ∈ R. (  .  )
Problem (.) has been studied by Shi et al. in [] and problem (.) has been studied in [-] . It is well known that the existence of homoclinic orbits for Hamiltonian systems is a classical problem and its importance in the study of the behavior of dynamical systems has been firstly recognized by Poincaré [] . If a system has the transversely intersected homoclinic orbits, then it must be chaotic. If it has the smoothly connected homoclinic orbits, then it cannot stand the perturbation and its perturbed system probably produces ©2014 Zhang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2014/1/291 chaotic phenomenon. Therefore, it is of practical importance to investigate the existence of homoclinic orbits of (.) emanating from .
By applying critical point theory, the authors [-] studied the existence of periodic solutions and subharmonic solutions for difference equations or differential equations, which show that the critical point theory is an effective method to study periodic solutions of difference equations or differential equations. In this direction, several authors [-] used critical point theory to study the existence of homoclinic orbits for difference equations. Motivated mainly by the ideas of [-, ], we will consider homoclinic solutions of (.) by the mountain pass theorem and the symmetric mountain pass theorem. More precisely, we obtain the following main results, which seem not to have been considered in the literature.
Theorem . Suppose that a and W satisfy the following conditions:
(W) W  (n, ) =  and there exists a constant ∈ (q -p + , μ) such that
Then problem (.) has one nontrivial homoclinic solution.
Theorem . Suppose that a and W satisfy (A), (W) and the following conditions:
Then problem (.) has one nontrivial homoclinic solution. 
Then problem (.) has an unbounded sequence of homoclinic solutions. The rest of this paper is organized as follows: in Section , some preliminaries are presented and we establish an embedding result. In Section , we give the proofs of our results. In Section , some examples are given to illustrate our results.
Preliminaries
and for u ∈ W , let
Then W is a uniform convex Banach space with this norm. As usual, for  ≤ p < +∞, let
and their norms are given by
If σ is a positive function on Z and  < s < +∞, let 
is a reflexive Banach space. http://www.advancesindifferenceequations.com/content/2014/1/291
, where a is the function given in condition (A). Then E with its standard norm · is a reflexive Banach space. The functional ϕ corresponding to (.) on E is given by
Clearly, it follows from (W) or (W) that ϕ : E → R. By Theorem . of [], we can deduce that the map
then ϕ ∈ C  (E, R) and one can easily check that
Furthermore, the critical points of ϕ in E are classical solutions of (.) with u(±∞) = . 
where
By (A), there exists a positive function ρ such that ρ(n) → +∞ as |n| → +∞ and
The following two lemmas are the mountain pass theorem and the symmetric mountain pass theorem, which are useful in the proofs of our theorems. 
Lemma . [] Let E be a real Banach space and I
is an open ball in E of radius r centered at . Then I possesses an unbounded sequence of critical values.
Lemma . Assume that (W) and (W) or (W) hold. Then for every
The proof of Lemma . is routine and we omit it. In the following, C i (i = , , . . .) denote different positive constants.
Proofs of theorems
Proof of Theorem . Firstly, we prove that the functional ϕ satisfies the (PS)-condition. Let {u k } ⊂ E satisfying ϕ(u k ) is bounded and ϕ (u k ) →  as k → ∞. Hence, there exists a http://www.advancesindifferenceequations.com/content/2014/1/291
From (.), (.), (.), (W), and (W), we have
It follows from Lemma ., p < (q + )/, μ > q -p + , and (.) that there exists a constant
Now we prove that u k → u in E. Passing to a subsequence if necessary, it can be assumed that u k u in E. For any given ε > , by (W), we can choose δ ∈ (, ) such that
for n ∈ Z\J and |x| ≤ δ.
Since u ∈ E, we can also choose a positive integer K > max{|k| : k ∈ J} such that
Hence,
Hence, from (.) and (.), we have
where p = p/(p -). Moreover, since a(n) is a positive function on Z, p < q -p + , and u k (n) → u(n) for almost every n ∈ Z, we have
It follows from (.), (.), (.), and the Lebesgue dominated convergence theorem that
This shows that
It is easy to see that for any α >  there exists a constant C  >  such that
Hence, we have 
Hence, we have u k → u in E by (.) and (.). This shows that ϕ satisfies the (PS)-condition. Secondly, we prove that there exist ρ, α >  such that ϕ ∂B ρ () ≥ α. From (W), there exists δ  ∈ (, ) such that
From (.), we have
which shows that |u(n)| ≤ σ ≤ δ  < . From Lemma .(i) and (.), we have
It follows from (W), (.), and (.) that
Therefore, we can choose a constant α >  depending on ρ such that ϕ(u) ≥ α for any u ∈ E with u = ρ. Thirdly, we prove that assumption (ii) of Lemma . holds. From Lemma .(ii) and (.), we have for any
and |ω(n)| ≤  for |n| ∈ (, ]. For s > , from Lemma .(i) and (.), we get
Since μ > > q -p +  and C  > , it follows from (.) that there exists s  >  such that s  ω > ρ and ϕ(s  ω) < . Let e = s  ω(n), then e ∈ E, e = s  ω > ρ, and ϕ(e) = ϕ(s  ω) < . By Lemma ., ϕ has a critical value c > α given by
Hence, there exists u * ∈ E such that
The function u * is a desired solution of problem (.). Since c > , u * is a nontrivial homoclinic solution. The proof is complete.
Proof of Theorem . In the proof of Theorem ., the condition W  (t, x) ≥  in (W) is only used in the proofs of (.) and assumption (i) of Lemma .. Therefore, we only need http://www.advancesindifferenceequations.com/content/2014/1/291 to prove that (.) and assumption (i) of Lemma . still hold if we use (W) and (W) instead of (W) and (W), respectively. We first prove that (.) holds. From (W), (W) , (.), (.), and (.), we have
which implies that there exists a constant C  >  such that (.) holds. Next, we prove that assumption (i) of Lemma . still holds. From (W) , there exists δ  ∈ (, ) such that
By (.), we have
which shows that |u(n)| ≤ σ ≤ δ  < . It follows from (.) and (.) that
Therefore, we can choose a constant α >  depending on ρ such that ϕ(u) ≥ α for any u ∈ E with u = ρ. The proof of Theorem . is complete. http://www.advancesindifferenceequations.com/content/2014/1/291
Proof of Theorem . Condition (W) shows that ϕ is even. In view of the proof of Theorem ., we know that ϕ ∈ C  (E, R) and satisfies (PS)-condition and assumption (i) of Lemma .. Now, we prove that assumption (iii) of Lemma . holds. Let E be a finite dimensional subspace of E. Since all norms of a finite dimensional space are equivalent, there exists C  >  such that
Assume that dim E = m and {u  , u  , . . . , u m } is a base of E such that
For any u ∈ E , there exists λ i ∈ R, i = , , . . . , m such that
It is easy to see that · * is a norm of E . Hence, there exists a constant C  >  such that C  u * ≤ u . Since u i ∈ E, by Lemma ., we can choose K  > K such that Since W  (n, x) >  for all n ∈ Z and x ∈ R N \{}, and W  (n, x) is continuous in x, it follows that γ > . For any u ∈ E, from Lemma .(ii) and (.), we have 
. It follows from Lemma .(i) and (.) that
